Abstract: In this paper, we present the least value α and the greatest value β such that the double inequality
Introduction
For a, b > 0 with a = b the Neuman-Sándor mean M (a, b) [1] was defined by
Recently, the Neuman-Sándor mean has been the subject of intensive research. In particular, many remarkable inequalities for the Neuman-Sándor mean M (a, b) can be found in the literature [1, 2] .
Let hold for all a, b > 0 with a = b.
Li et al. [3] showed that the double inequality . In [4] , Neuman proved that the double inequalities
hold for all a, b > 0 with a = b if and only if α
In [5] , Chu etc proved that the double inequalities
hold for all a, b > 0 with a = b if and only if α 1 ≥ 2/5,
The main purpose of this paper is to find the least value α and the greatest value β such that the double inequality
holds for all a, b > 0 with a = b.
Lemmas
In order to establish our main result we need several lemmas, which we present in this section.
and
hold for all x ∈ (0, 1).
Proof. The inequalities (2.1)−(2.3) follow immediately from the inequalities
for all x ∈ (0, 1). Next, we prove the inequalities (2.4) and (2.5). Let
Then simple computations lead to
for x ∈ (0, 1). Therefore, the inequality (2.4) follows from (2.7), (2.8) and (2.6). Let
Then simple computations yield
and k
for x ∈ (0, 1). Therefore, the inequality (2.5) follows easily from (2.10), (2.12), (2.13) and (2.9).
holds for all x ∈ (0, 1).
Proof. Let
(2.17)
The expression of ϕ ′ 1 (x) is represented as
where l(x) is defined as in lemma 2.1. Owing to
in the equality (2.18) cause the conclusion that
for all x ∈ (0, 1). Therefore, the inequality (2.14) follows easily from (2.15) and (2.16) together with (2.19).
Proof. By the inequalities (2.4) and (2.5), the inequality (2.21) follows easily from
Then there is the real number x 0 on (0, 1) so as to Ω(
Proof. Simple computations lead to
for x ∈ (0, 1). From (2.25) we confirm that Ω(x) is strictly decreasing in (0,1). It follows from (2.23) and the monotonicity of Ω(x) that there exits x 0 ∈ (0, 1) such that Ω(x 0 ) = 0, Ω(x) > 0 for x ∈ (0, x 0 ), and Ω(x) < 0 for x ∈ (x 0 , 1). From (2.24) we know that 1/2
Then the inequality
. Making use of the transform x 2 = 1/t (t ∈ (2, +∞)) for F (x) yields holds for all x ∈ (1/2, 1).
Proof. Let x ∈ (1/2, 1). Making use of the transform x 2 = 1/t (t ∈ (1, 4)) for H(x) leads to for t ∈ (1, 4) . Therefore, the inequality (2.45) follows from (2.54), (2.52), (2.50), (2.48) and (2.46) together with (2.56). 
(3.1)
Firstly we prove that
and λG(a, b)
From (3.1) we have 
where f (x), ϕ(x) and ψ(x) are defined as in Lemma 2.1, 2.2 and 2.3, respectively. From the inequalities (2.1), (2.14), (2.20) and the equation (3.6) we educe
for all x ∈ (0, 1). Therefore, the inequality (3.2) follows easily from (3.4) and (3.5) together with (3.7). From (3,1) one has
where
thereinto ∆(x) is defined as in lemma 2.4. Using the inequality (2.21) for D(x) leads to
(3.10) Some tedious, but not difficult, calculations yield
where Ω(x) is defined as in lemma 2.5. Next, we distinguish between two cases. In the two cases, the real number x 0 satisfy Ω(x 0 ) = 0 and 1/2 < x 0 < 1/ √ 2, which had been proved in lemma 2.5.
where g(x) and h(x) are defined as in lemma 2.1. Based on lemma 2.5, making use of the inequalities (2.2) and (2.3) leads to 
where f (x) and h(x) are defined as in lemma 2.1. Based on lemma 2.5, making use of the inequalities (2.1) and (2.3) yields follows from (3.26) and lemma 2.7. Synthesizing the above two cases we affirm that
for all x ∈ (0, 1). (3.28) show that D ′′ 1 (x) is strictly concave function in the interval (0,1). It follows from (3.17), (3.18) and (3.19) together with the concavity of D ′′ 1 (x) that there exists
is strictly increasing in (0, µ 1 ) and strictly decreasing in (µ 1 , 1). From (3.14) and (3.15) together with the monotonicity of D ′ 1 (x) we know that there exits µ 2 ∈ (µ 1 , 1) ⊂ (0, 1) such that D ′ 1 (x) > 0 for x ∈ (0, µ 2 ) and D ′ 1 (x) < 0 for x ∈ (µ 2 , 1), thus D 1 (x) is strictly increasing in (0, µ 2 ) and strictly decreasing in (µ 2 , 1). It follows from (3.11) and (3.12) together with the monotonicity of D 1 (x) that
for all x ∈ (0, 1). Therefore, the inequality (3.3) follows easily from (3.8), (3.10) and ( 
